Abstract. For any n ≥ 7, k ≥ 3, we give pairs of compact flat nmanifolds M, M ′ with holonomy groups Z k 2 , that are strongly isospectral, hence isospectral on p-forms for all values of p, having nonisomorphic cohomology rings. Moreover, if n is even, M is Kähler while M ′ is not. Furthermore, with the help of a computer program we show the existence of large Sunada isospectral families; for instance, for n = 24 and k = 3 there is a family of eight compact flat manifolds (four of them Kähler) having very different cohomology rings. In particular, the cardinalities of the sets of primitive forms are different for all manifolds.
Introduction
If (M, g) is a compact Riemannian manifold and 0 ≤ p ≤ n, let spec p (M) denote the spectrum, with multiplicities, of the Hodge-Laplace operator acting on smooth p-forms on (M, g). For each p, spec p (M) is a sequence of non-negative real numbers tending to ∞. If spec p (M) = spec p (M ′ ), (M, g) and (M ′ , g ′ ) are said to be p-isospectral, and just isospectral, if p = 0. It has been known for quite some time that there exist manifolds that are isospectral on functions but not on 1-forms (see [2] , [5] ). Also, C. Gordon (see [2] ) has given continuous families of pairs of nonisometric nilmanifolds that are isospectral on functions and not on 1-forms (here, the manifolds involved are homeomorphic to each other).
In the context of compact flat manifolds, it turns out to be simpler to compute p-spectra and to determine some invariants, for instance, the Betti numbers. In particular, there is a description of the cohomology ring as the ring of invariants of the holonomy action (H. Hiller, [4] ). In [6] p-isospectrality is studied in this context and many new examples of p-isospectral nonhomeomorphic manifolds are given; in particular, pairs of manifolds M, M ′ isospectral on functions such that β j (M) < β j (M ′ ) for 1 ≤ j ≤ n − 1. Hence such M and M ′ cannot be isospectral on p-forms for any p = 0, n and are topologically quite different from each other, since they have different real cohomology rings.
The main goal of this paper is to construct families of compact flat manifolds that are Sunada isospectral -hence strongly isospectral-but still their real cohomology rings are non-isomorphic to each other (see Theorem 3.3), despite the fact that they have the same Betti numbers. In particular, they are isospectral on p-forms for every p but the ring structure of the cohomology rings may be very different. The manifolds in question are obtained by using different free isometric actions of Z k 2 on T n = Z n \R n . Furthermore, we shall see that for n even some of them are Kähler while the others are not.
As a first step, we show, in Theorem 2.6, a general procedure to construct pairs of almost-conjugate diagonal representations of Z k 2 with k ≥ 3 (see Definition 2.4). We describe diagonal representations by an r-tuple q 1 , q 2 , . . . , q r with r 1 q i = n, where q j gives the multiplicity of the j-th character χ j . We also give an algorithm that allows us to determine all families of almostconjugate diagonal representations of Z k 2 . We implement it with the aid of computer programs for some small values of k and n. Tables 1 and 3 show all such pairs for k = 3, n ≤ 11, and k = 4, n ≤ 10 respectively. In Table 2 we exhibit all families of cardinality at least three for k = 3, n ≤ 15.
A main tool in our study of the cohomology rings are the primitive invariant forms, i.e. those that cannot be obtained as wedge products of forms of lower degree. In particular, we express the number of them in terms of the r-tuple of q j 's (see Proposition 2.3). In Theorem 1.2 we show that this number coincides with the cardinality of a minimal generating set of the cohomology ring, hence it is an invariant of the ring. This is used in Section 3 in the proof of the non-isomorphism of the cohomology rings of the strongly isospectral manifolds in our main result, Theorem 3.3.
In the last section, we exhibit many explicit examples of Sunada isospectral families. We study in some detail a pair in dimension n = 8, M, M ′ such that M is Kähler and M ′ is not, giving the rings of invariants of both manifolds and comparing several aspects of the respective ring structures (this gives more examples answering a question in [1, 13.6, p. 657] ). In Example 4.3 we show a family of eight 24-dimensional manifolds, four of which are Kähler, showing that the numbers of primitive invariant forms of degree 4 are different for all eight manifolds, hence the cohomology rings cannot be isomorphic by Corollary 1.3.
We include in Remark 2.10 and Remark 3.4 some open questions related to the results in this paper.
Preliminaries
Bieberbach groups. A crystallographic group is a discrete cocompact subgroup Γ of the isometry group I(R n ) of R n . If Γ is torsion-free then Γ is said to be a Bieberbach group. Such Γ acts properly discontinuously on R n , thus M Γ = Γ\R n is a compact flat Riemannian manifold with fundamental group Γ. Furthermore, any such manifold arises in this way. Since I(R n ) ∼ = O(n) ⋊ R n , any element γ ∈ I(R n ) decomposes uniquely as γ = BL b , with B ∈ O(n) and b ∈ R n . The translations in Γ form a normal maximal abelian subgroup of finite index L Λ where Λ is a lattice in R n which is B-stable for each BL b ∈ Γ. The restriction to Γ of the canonical projection from I(R n ) to O(n), given by BL b → B, is a homomorphism with kernel L Λ and with image a finite subgroup of O(n), denoted by F in this article, called the point group of Γ. Indeed, one has the exact sequence
where F is isomorphic to L Λ \Γ and gives the linear holonomy group of the Riemannian manifold M Γ . The group F acts on Λ by an integral representation ρ called the holonomy representation of Γ.
A Bieberbach group Γ is said to be of diagonal type if there exists an orthonormal Z-basis {e 1 , . . . , e n } of the lattice Λ such that for any element BL b ∈ Γ, Be i = ±e i for 1 ≤ i ≤ n. These Bieberbach groups are those having the simplest holonomy action, among those with holonomy group Z k 2 . It is a useful fact that, for groups of diagonal type, after conjugation of Γ by an isometry, it may be assumed that Λ = Z n and, furthermore, that for any γ = BL b ∈ Γ, b lies in 1 2 Z n . Thus, any γ ∈ Γ can be written uniquely as γ = BL b 0 L λ , where the coordinates of b 0 are 0 or 1 2 and λ ∈ Z n (see [7, Lemma 1.4 
]).
For BL b ∈ Γ define
If 0 ≤ t ≤ s ≤ n, the Sunada numbers of Γ are defined by c s,t (Γ) = BL b ∈ F : n B = s and n B,
It is a well-known fact that, by the torsion-free condition, n B ≥ 1 for any BL b ∈ Γ. Clearly, c s (F ) = t c s,t (Γ).
F -invariants in exterior algebras. As mentioned in the introduction, the cohomology ring over Q of a compact flat manifold M Γ with holonomy group F can be computed by using the Hochschild-Serre spectral sequence, which gives
the ring of F -invariants in the full exterior Q-algebra Λ * (Q n ) (see [4] ). In what follows we shall often abbreviate
We mention some useful facts on the ring structure of Λ * F , for further use:
To verify the last claim, let η = 1 + δ ∈ Λ * F such that δ has degree zero component δ 0 = 0. Then
and furthermore
Primitive F -invariant forms. From now on we assume that the subgroup F of GL n (Z) is of diagonal type, i.e. F is a group of diagonal matrices with ±1 in the diagonal, thus F ∼ = Z k 2 for some 1 ≤ k ≤ n. If furthermore F is the point group of a Bieberbach group, then −Id n / ∈ F and k ≤ n − 1. Here and subsequently, {e 1 , . . . , e n } denotes the canonical basis of R n . Definition 1.1. Let F be a finite diagonal subgroup of GL n (Z). Given an ordered subset I = {i 1 , . . . , i p } ⊂ {1, . . . , n} we set e I = e i 1 ∧ . . . ∧ e ip ∈ Λ p F . The form e I is said to be primitive if it cannot be obtained as a wedge product of F -invariant forms of degree lower than p. We denote by P p F the set of all primitive forms of degree p, by Λ p F,prim the span of P p F and by P p,F the cardinality of P p F . Clearly, the set of all primitive forms is a set of generators of Λ * F of cardinality n p=0 P p,F . We shall see that this is the minimal cardinality of any set of generators.
We are interested in comparing the Q-algebras Λ * F and Λ * F ′ for two different Bieberbach groups Γ and Γ ′ , having point groups F, F ′ , respectively. The following result will be very useful to us. 
i.e. the elements in G having a nonzero component of minimal degree p. We note that G 0 is non-empty, otherwise we cannot obtain 1 as a sum of products of elements of G. Furthermore, given a set of elements in G 0 , by subtraction of a scalar multiple, we can eliminate the zero component of all but one of them. Thus, we may replace the initial generating set G by another generating set of the same cardinality, such that G 0 = {η 0 } has only one element with η 0 0 = 1. Now, the lowest components in Λ In this way, we may replace the original generating set G by another generating set of the same cardinality such that card(G 0 ) = 1, card(G 1 ) = P 1,F . Finally, by replacing the elements in S 1 by linear combinations of them, we may further assume that their lowest degree terms run through the set of F -invariant e j 's, that is, through the set of all primitive forms e j ∈ Λ 1 F . Here note that β 1 = P 1,F . In a similar way we assume inductively that we have replaced the original generating set G by another set of the same cardinality such that the cardinality of G r equals P r,F for each r ≤ p and the lowest degree terms of the elements in G r , run through the set of primitive forms e J ∈ Λ r F with |J| = r. Now we consider the elements in G p+1 . Necessarily there must be at least P p+1,F of them, so that their (p + 1)-components, together with sums of products of elements in G r with r ≤ p generate all of Λ p+1 F . We may subtract from the elements in G p+1 linear combinations of wedge products of elements of smaller degree so that their lowest order terms lie in the span of the space P p+1 F . Actually, we may fix a subset of cardinality P p+1,F such that their lowest order terms are a basis of the space P F . Finally by a linear algebra argument, we may change this set by one such that their lowest order terms run exactly through the invariant forms e J ∈ P p+1 F . In this way, in n steps, we obtain a new set of generators of the Qalgebra Λ * F of cardinality n p=1 P p,F ≤ card(G). Clearly if G is minimal, then n p=1 P p,F = card(G). This completes the proof of the theorem.
Proof. By the previous theorem, n p=1 P p,F is the cardinality of a minimal generating set in Λ * F , hence it must be invariant under isomorphisms. The second assertion is also clear.
Construction of almost-conjugate representations
This section is devoted to the construction of pairs of almost-conjugate representations which give the point groups of certain Bieberbach groups of diagonal type. The corresponding pairs of manifolds, to be constructed in Sections 3 and 4, will be Sunada isospectral ( [3] or [8] ) and they will have different cohomology rings. 
denotes the symmetric difference of sets. From now on it will be convenient to fix a total order ≺ on Z k 2 (or equivalently on the subsets of {1, . . . , k}) with the only requirement that χ ∅ = 1 is the first element.
Any n-dimensional diagonal representations of Z k 2 can be decomposed as a sum ρ = I q I χ I , with q I ∈ N 0 := N ∪ {0} and n = I q I , the sum running over all subsets of {1, . . . , k}. Conversely, if r = 2 k , for each choice of numbers q I ∈ N 0 , we define the diagonal representation ρ = I q I χ I such that
, where the characters χ J i are ordered by ≺.
, which is generated by the diagonal matrices
. . , k}, we set B I = B i 1 . . . B i h . For simplicity, we will often write
It is easy to check that these representations are equivalent if and only if the groups F and F ′ are conjugate in O(n). For example, ρ = 2χ 1 + χ 2 + χ 12 and ρ ′ = χ 1 + 2χ 2 + χ 12 are two equivalent diagonal representation of Z For example, for k = 3, since there are seven nontrivial characters, and one can check that #A 0 = #A 1 = 1, #A 2 = #A 3 = #A 4 = 7 and A p = ∅ for any other p.
The next proposition gives some formulas to be used in the next section to compute the primitive elements of certain diagonal Bieberbach groups.
) is given by the following expression:
(2.4)
where A p is as in (2.3). Moreover, P p,F = 0 for any p > k + 1.
(ii) If k = 3 one has (2.5) P 4,F = q 1 q 2 q 3 q 123 + q 1 q 2 q 13 q 23 + q 1 q 3 q 12 q 23 + q 1 q 12 q 13 q 123 + q 2 q 3 q 12 q 13 + q 2 q 12 q 23 q 123 + q 3 q 13 q 23 q 123 .
In particular, if
Proof. Clearly P 0,F = 1. By (2.1), the group F acts by a character ψ j on each e j ∈ R n . Hence, for any p, the indecomposable invariant forms of degree p are of the form e i 1 ∧ e i 2 . . . ∧ e ip where the corresponding characters satisfy ψ i 1 ψ i 2 . . . ψ ip = 1 and they are primitive if and only if none of the proper subproducts of the ψ i j equals one. Now, this is clearly equivalent to {I 1 , . . . , I p } ∈ A h , and consequently (2.4) follows. Furthermore, in this situation, it is necessary that
We now prove (ii). By the definition we have The following notion will be useful in the construction of isospectral flat manifolds.
Definition 2.4. We say that two diagonal representations ρ and ρ ′ are almost-conjugate if the subgroups F = Im(ρ) and
Note that since the only eigenvalues of the elements of F and F ′ are ±1, the condition in the definition is equivalent to requiring that, for each 0 ≤ s ≤ n,
in the notation of (1.3). When the bijection φ is an isomorphism, then the representations ρ and ρ ′ are actually equivalent, but in general this is not the case (this can be easily checked in Example 4.2 by using (2.7)).
Given ρ = I q I χ I , our next goal is to perform a small perturbation of ρ by constructing a diagonal representation ρ ′ of Z k 2 having the same set of n B 's with their multiplicities, more precisely, ρ ′ will satisfy n B ′ I = n B I for every I ⊂ {1, . . . , k} with I = {1}, {2}, n B ′ 1 = n B 2 and n B ′ 2 = n B 1 . Thus ρ and ρ ′ will be almost-conjugate. We assume first that k = 3 and ρ is a fixed diagonal representation of Z 
As we shall see in Theorem 2.6, this method generalizes to any k ≥ 3 and gives a procedure to construct pairs of almost-conjugate representations.
is an integer and furthermore q I − u ≥ 0 if 2 ∈ I, 1 / ∈ I and q I + u ≥ 0 if 1 ∈ I, 2 / ∈ I, we define the flip of ρ as
It is easy to check that ρ ′ is again a diagonal representation of Z k 2 in the sense of Definition 2.1.
In particular, ρ and ρ ′ are almost-conjugate representations.
Proof. It suffices to verify that (2.10) holds for the flip ρ ′ of ρ. We will use the following facts. First, for each I ⊂ {1, . . . , k} we have that
since χ J (f j ) = −1 if and only if j ∈ J. Now, using (2.9), (2.11) and (2.12) we have that
since there are exactly 2 k−2 subsets of {1, . . . , k} containing 1 and not 2. Using (2.8) we conclude that
By arguing in the same way we can check that n B ′ 1 = n B 2 . Now, for I ⊂ {1, . . . , k}, by (2.11) it follows that
It is now easily seen that if I = {1}, {2}, the sums in the right-hand side are both equal to 2 k−2 . This completes the proof of the theorem.
Remark 2.7. (i) We note that it is possible to use any pair I 1 , I 2 of nonempty subsets of {1, . . . , k} in place of I 1 = {1}, I 2 = {2}, to produce a flip. Seldom it may be possible to apply two or more different flips to a representation, producing families of almost-conjugate representations.
(ii) If u = 0 then ρ and its flip representation ρ ′ coincide. When u = 0, in some rare cases the representations ρ and ρ ′ may turn out to be equivalent. To show an example, if we choose ρ = χ 1 + 2χ 2 + χ 3 + χ 12 + χ 23 , we obtain ρ ′ = 2χ 1 + χ 2 + χ 3 + χ 12 + χ 13 which is equivalent to ρ. Now we will introduce an algorithm that allows us to find all families of n-dimensional almost-conjugate representations of Z k 2 , for k and n fixed. Recall from (2.7) that two diagonal representations ρ and ρ ′ are almostconjugate if and only if c s (ρ) = c s (ρ ′ ) for all 0 ≤ s ≤ n. We will call the (n + 1)-tuple (c 0 (ρ), . . . , c n (ρ)) the pattern of ρ. The algorithm can be described as follows:
Algorithm 2.8. Let k ≥ 3 and n ∈ N. This algorithm returns all ndimensional non-equivalent diagonal representations of Z k 2 grouped into sets, where two representation are in the same set if they are almost-conjugate. If the pattern of ρ is not in patterns, add it to patterns at the end and add in reps a new entry which is a list having ρ as its only element. Otherwise, the pattern of ρ coincides with some entry in patterns, say the j th -entry, then look at the representations occurring in the j th -entry of reps and check whether any of them is equivalent to ρ. If not, then add ρ to this j th -list. such that ρ has no fixed vectors, (i.e. q 0 = 0), since we are mostly interested in manifolds (rather than orbifolds) having first Betti number zero. For simplicity, we abbreviate by writing, for k = 3, 4 respectively, In the tables, for each representation we include the value of P 4,F of primitive forms of degree 4, when k = 3, and the values of P 4,F and P 5,F , when k = 4. Table 1 shows all families of almost-conjugate representations of Z 3 2 of dimension n ≤ 11. They all turn out to be pairs. On the other hand, already for n = 12, there are 19 families, of which 16 are pairs. For reasons of space, in Table 2 we show, for n ≤ 15, all families having more than two elements, omitting the almost-conjugate pairs. When the holonomy increases to Z 4 2 , the number of families increases too. For instance, for n = 9 there are 14 families, shown in Table 3 . For n = 10 there are 32 families, one of them containing 6 representations. Table 1 can be obtained in one step by the 'flip method' (Theorem 2.6). However, this is not always the case when k = 3, already for n = 12. Indeed, it is a simple matter to check that the first and fourth representation [ cannot be obtained in one flip. This is the example of minimal dimension with this property for k = 3. When k = 4 the situation is very different. It is easy to check that most of the pairs in Table 3 cannot be obtained by flipping (for instance F 4,7 1 , the first pair in the table).
Remark 2.9. (i) One can check that all pairs in
(ii) Recall that Corollary 1.3 and Proposition 2.3 tell us that P 4,F (resp. P 4,F + P 5,F ) is an invariant of the algebra Λ * F under isomorphisms when k = 3 (resp. k = 4) respectively. We note that in all examples in the tables these numbers are different, showing different rings of invariants.
Remark 2.10. Open question. The above tables show many examples of families of inequivalent almost-conjugate representations such that the corresponding rings of F -invariants are non-isomorphic to each other. We expect that always, given any pair of inequivalent almost-conjugate representations, the rings of F -invariants in the exterior algebra are not isomorphic to each other. This happens to be true in all examples obtained computationally so far.
Main results
Our next goal will be to use the results in the previous sections (Corollary 1.3 and Theorem 2.6) to construct many pairs of Sunada isospectral flat manifolds of diagonal type having very different cohomology rings.
We shall make use of the following result. (1.4) ). In this case, they are p-isospectral for all p.
In particular, if Γ and Γ ′ are two Bieberbach groups of diagonal type such that the flat manifolds M Γ and M Γ ′ are Sunada isospectral, then their associated holonomy representations ρ Γ and ρ Γ ′ are almost-conjugate. However, the equality in (2.7) does not suffice to imply the equality between the Sunada numbers c s,t (Γ) and c s,t (Γ ′ ) (see (1.4) ). An example of this type can be obtained by taking the two 3-dimensional non-orientable diagonal flat manifolds with holonomy group Z 2 2 called respectively first and second amphidicosm. Indeed, they have the same integral representation (χ 0 +χ 1 +χ 2 ), they are not homeomorphic, they cannot be isospectral for any flat metric on each (see [9] ). In greater dimensions there are many other examples, for instance the two different Hantzsche-Wendt manifolds in dimension n = 5 (see [8] ). Proof. The first assertion follows from the fact that det(B j ) = (−1) I:j∈I q I for each j.
Regarding the second assertion, if every q I is even, then we may define a complex structure J on R n (n = 2m) by setting J(e 2i−1 ) = −e 2i , J(e 2i ) = e 2i−1 for each 1 ≤ i ≤ m. By (2.1), this complex structure commutes with the action of the point group, hence it pushes down to a complex Kähler structure on M Γ .
If furthermore each q I is divisible by 4, then we can define an additional complex structure J ′ on R n by setting J ′ (e 4i−3 ) = e 4i−1 , J ′ (e 4i−2 ) = −e 4i , J ′ (e 4i−1 ) = −e 4i−3 , J ′ (e 4i ) = e 4i−2 for 1 ≤ i ≤ m/2. Again this complex structure J ′ commutes with the holonomy action and anticommutes with J. Therefore the pair J, J ′ defines a hyperkähler structure on M Γ .
We are now in a position to prove the main result in this paper. Proof. We fix k ≥ 3 and n > 3 2 k−2 . Set
where q = n − 3 2 k−2 . One can check that ρ is faithful since it contains the characters χ 1 , χ 2 , χ 23 , . . . , χ 2k . For this ρ, equation (2.8) gives
since there are 2 k−2 subsets I ⊂ {1, . . . , k} such that 2 ∈ I and 1 / ∈ I. Now Theorem 2.6 implies that ρ and its flip representation
are almost-conjugate. Our next goal is to construct Bieberbach groups Γ and Γ ′ with diagonal holonomy representations ρ and ρ ′ respectively, in such a way that M Γ and M Γ ′ are Sunada isospectral manifolds. For I ⊂ {1, . . . , k}, we denote by q I and q ′ I the coefficients of ρ and ρ ′ respectively and by B I and B ′ I the n × n diagonal matrices given by (2.1). We pick
where 
To prove that Γ is a Bieberbach group, by [7, Prop. 1.1(ii)], it is sufficient to check the following condition:
for at least one j in the space fixed by B I .
In Table 4 we show (in column notation) part of the matrices B 1 , . . . , B k together with the vectors b 1 , . . . , b k . We include only the rows l 1 , l 2 ,l 2 , l 3 , . . . , l k , as defined in (3.4), (3.5) and (3.6), since these are the only rows having a non-zero component for at least one b i , 1 ≤ i ≤ k.
Thus, Table 4 shows that the condition (3.7) holds for any subset I having only one element. Now assume that I ⊂ {1, . . . , k} and |I| > 1. If 1 / ∈ I, then it is clear that at least one of the coordinates l 3 , . . . , l k of b I (which are in the fixed space of B I ) equals 1 2 . Similarly, if 1 ∈ I and 2 / ∈ I, then
and B I (e l 1 ) = e l 1 ; if 1 ∈ I, 2 ∈ I and 3 ∈ I then (b I ) l 2 = 1 2 and B I (e l 2 ) = e l 2 ; if 1 ∈ I, 2 ∈ I and 3 / ∈ I then (b I )l 2 = 1 2
and B I (el 2 ) = el 2 . 
Thus, we have constructed Bieberbach groups Γ and Γ ′ with point groups F and F ′ . In order to check the Sunada isospectrality of M Γ and M Γ ′ , we will use (1.1), (1.2), (1.4) and Theorem 3.1. Since ρ and ρ ′ come from a flip, it is clear that (2.10) holds. Furthermore,
and
for every I = {1}, {2}. Hence the Sunada numbers c s,t (Γ) and c s,t (Γ ′ ) coincide for every 0 ≤ t ≤ s ≤ n. We note that the first Betti number vanishes since it follows immediately from Proposition 2.3 that q 0 = 0 .
If n is even, it follows immediately from Lemma 3.2 that M Γ has an invariant Kähler structure since q I is even for all I. On the other hand, in the case of Γ ′ we have that
e i ∧ e j :l 2 ≤ i < j <l 2 + q .
] and these sets do not fill all of the interval [ [1, n] ]. For instance, they do not include the index l 2 . This readily implies that the wedge product of
It remains only to prove the cohomology rings are not isomorphic as Qalgebras for 3 ≤ k ≤ 5. For this, we will prove some inequalities between the number of primitive polynomials of degree p. For simplicity, throughout this proof we write P p and P ′ p in place of P p,F and P p,F ′ . Let us first prove that P choices for I 1 , 2 k−2 − 1 choices for I 2 , 2 k−2 − 2 for I 3 and I 1 is determined. This counting argument shows that (3.8)
where we add over all elements in A 4 . Now, just counting some primitive elements will show that P ′ 4 > P 4 . For any I 1 , I 2 , I 3 ⊂ {3, . . . , k} with I 1 = I 2 , we take
where I△J := (I ∪ J) \ (I ∩ J). One checks that {I 1 , . . . , I 4 } ∈ A 4 . There are
choices for the pair I 1 , I 2 . For I 3 there are 2 k−2 choices, but when we consider I 4 we have to divide them by two. Now, we have to take into account the multiplicities q
, which are all one except q
Combining (3.8) and (3.9) we conclude that
Now we shall prove that P ′ 5 > P 5 for k > 3. Consider {I 1 , . . . , I 5 } ∈ A 5 with q I 1 . . . q I 5 > 0. We note that I j = {1} for every j = 1, . . . , 5, since the number 1 have to occur an even number of times. Moreover, the index {3} occurs once. Then, by changing the order if necessary, we can write I 5 = {3} and I j = {2} ∪ I j with I j ⊂ {3, . . . , k} for 1 ≤ j ≤ 4. Thus q I 5 = q and q I j = 2 for j = 1, . . . , 4.
Hence P 5 equals 2 4 q times the number of possible choices of four different subsets I 1 , . . . , I 4 ⊂ {3, . . . , k} such that χ = χ 3 and where no subproduct of two of them equals χ 0 nor χ 3 . Again, by a similar counting argument, we get
We can now proceed similarly as in the proof of (3.9) fixing I 5 = {3} and defining I 4 = I 1 △I 2 △I 3 △I 5 , obtaining
Consequently we obtain that P ′ 5 > P 5 if k > 3, as asserted.
We now prove that P k+1 = 0. Suppose there is a set A = {I 1 , . . . , I k+1 } ∈ A k+1 such that q I 1 . . . q I k+1 > 0. Note that any subset of {χ I 1 , . . . , χ I k+1 } having k elements is linearly independent in Z k 2 . By the construction of ρ, {1} ∈ A. When k + 1 is even, it is clear that also {3} ∈ A, thus every I j ∈ A is the union of {2} and a subset of {3, . . . , k}. This contradicts the linear independence mentioned above. Similarly, when k + 1 is odd, it follows that {3} ∈ A. The remaining k elements I j ∈ A are such that 2 ∈ I j and 1 ∈ I j , therefore they cannot be linearly independent, a contradiction.
We now show that P ′ k+1 > 0. When k + 1 is even, it is clear that the product of χ 1 , χ 13 , χ 14 , . . . , χ 1k , χ 2 , χ 23...k equals χ 0 while no subproduct of them equals χ 0 , thus the set of the corresponding indices belong to A k+1 . When k + 1 is odd, the same is true, with χ 3 in place of χ 13 . Since all the corresponding coefficients q ′ I in ρ ′ are positive, the assertion follows. The inequality P 4 < P ′ 4 suffices to show that Λ * F and Λ * F ′ are not isomorphic as graded algebras over Q. To prove that the cohomology rings are not isomorphic as Q-algebras, it is sufficient, by Corollary 1.3, to show that
for all p since Γ and Γ are Sunada isospectral, hence P 2 = P ′ 2 and P 3 = P ′ 3 . Finally, since we have proven that P 4 + P 5 + P 6 < P (i) We expect that the cohomology rings of the manifolds constructed in the theorem are not isomorphic for every value of k, not just for 3 ≤ k ≤ 5. By similar arguments, we can still show non-isomorphism also for some values of k > 5 but the argument becomes much more involved. We feel it would of interest to find an elegant proof valid for general k.
(ii) Actually, it should be possible to construct by similar methods strongly isospectral families of arbitrarily large cardinality having pairwise non-isomorphic cohomology rings (provided k, and hence n, are allowed to grow).
Some explicit families
In this last section we exhibit several strongly isospectral families in low dimensions, showing different features in their (non-isomorphic) cohomology rings.
Example 4.1. Here we will define Γ and Γ ′ two Bieberbach groups of dimension n = 7 with holonomy groups Z in Table 3 ), namely
The corresponding Bieberbach groups have generators
which in column notation are given by: Γ :
By comparison of the Sunada numbers we see that the corresponding manifolds are Sunada isospectral. Indeed on checks that, in both cases, the non-vanishing Sunada numbers are c 5,1 = c 3,1 = c 1,1 = 1, c 5,2 = c 4,2 = c 4,1 = c 3,1 = 2, c 2,1 = 4.
The rings of invariants are given in Table 5 . They are not isomorphic by Corollary 1.3, since the total number of primitive elements equals 5 for F and 7 for in Table 1 . They are ρ = 2χ 1 + 2χ 2 + 2χ 23 + 2χ 3 , ρ ′ = 3χ 1 + χ 13 + χ 2 + χ 23 + 2χ 3 .
In column notation:
Γ :
as abstract rings and furthermore M Γ is Kähler, while M Γ ′ is not.
We now study in some more detail the properties of these manifolds by direct computation, i.e. without appeal to Theorem 3.3. Firstly, it is not hard to see that the F (resp. F ′ )-invariant forms are as given in Table 6 . Using Table 6 , it is easy to see that
Now we look at M Γ . We have
It is clear that the cohomology rings are not isomorphic as graded rings. On the other hand, since Λ 
, with c p a constant. A form η is such that L * η = 0 generates an Here we write 12 in place of e 1 ∧ e 2 and so on. Primitive elements are in bold.
SL(2, C)-module of dimension n − p + 1. The decomposition into irreducible submodules is as follows
To verify this we note that 1 generates the irreducible submodule of dimension 5: Thus Ω ∧ Ω ∧ Ω ∧ (12 − 34) = 0, hence the SL(2, C)-module generated by 12 − 34 has dimension 3.
Similarly, a basis for the 4-forms annihilated by L * is 1234 + 5678 −1256 − 3478, 1234 + 5678 − 3456 − 1278. These 4-forms generate a trivial module.
Furthermore, we recall that the dimension of the space of the p-forms in Ker(L * ), with p ≤ n is β p 0 = β p − β p−2 , see [11] , which is a topological invariant. This implies that β We note that the doubled manifolds M dΓ , M dΓ ′ are both isospectral Kähler manifolds of dimension 16, but their cohomology rings are still not isomorphic. Furthermore, M dΓ is hyperkähler but M dΓ ′ is not. Example 4.3. As a final example, we will consider a family of eight compact flat manifolds of dimension 24 with point group isomorphic to Z 3 2 . This family was also found by using the algorithm explained at the end of Section 2. The coefficients q (j) I of the representations ρ j for 1 ≤ j ≤ 8, are given in Table 7 . We will denote by F j the point group given by Definition 2.2 of ρ j . Now we will show that, as in Theorem 3.3, for each of the given diagonal representations ρ j of Z I for every 1 ≤ j ≤ 8, in such a way that the first row in each character set is as in Table 8 and the other rows contain no , L Z n . Thus, Γ j is a Bieberbach group for every 1 ≤ j ≤ 8.
We claim that these compact flat manifolds M Γ j 's are Sunada isospectral. Indeed, using Table 7 and Table 8 , it is not hard to check that the numbers n B I 's are as in Table 9 .
This tells us that the patterns (c 0 (ρ j ), . . . , c 24 (ρ j )) (see Section 2) coincide for any 1 ≤ j ≤ 8. To compare the cohomology rings we consider the algebra Λ * F j of F jinvariants for each j. Proposition 2.3 (i) tells us that P 0,F j = 1, P 1,F j = 0 and P p,F j = 0 for every p ≥ 5 and every j, since q (j) 0 = 0 and k = 3. Furthermore P 2,F j = β 2 (M Γ j ), P 3,F j = β 3 (M Γ j ). By strong isospectrality all manifolds have the same Betti numbers, hence they have the same P 2 and P 3 . They are given by P 2 = P 2,F 8 = 
